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1 Abstract

An analytical functional can be expressed as a sum
of some nonlinear functional expansions which we shall
call Fliess's goneralized expansions {2]. These nonlinear
functional expansions are analogous to Fourier series or
integral expansions of response functions of linear sys-
tems. The shuffle product which is the characteristic
of the noncommutative algebra introduced plays a very
significant role in this approach as explained in [1,2].
Moreover what makes this approach more attractive is
the possibility of doing all of the noncommutative alge-
bra on a computer in any of the currently available sym-
bolic programming languages such as Macsyma, Re-
duce, PL1 and Lisp.

Nonlinear functional expansions for the solution of
nonlinear ordinary differential equations can be sum-
marised by the newly introduced Laplace-Borel trans-
forms. Some properties of these transforms are ob-
tained in [1] and [2]. Some further properties will be
given in this paper for the first time.

The main theorem of the paper gives the transform of
the response of the nonlinear system as a Cauchy prod-
uct of its transfer function which is introduced for the
first time here and the transform of the input function
of the system together with memory effects.

Applications of this new transfer-function approach
are given using nonlinear electronic circuits. Two cate-
gories of applications are presented, namely,

o analysis of circuits
o synthesis of circuits.

We would like to remind the redear that various other
examples can be given from other nonlinear dynamical
systems; for example nonlinear asrodynamics, nonlin-
ear fight mechanics in which cases these two classes of
problems can be called either direct problems or in-
verse problems.
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2 Introduction

The solution of dynamic problems by classical differen-
tial equation analysis is arduous, o that various meth-
ods of transform calculus have been developed to ease
the burden and increase the understanding. It is in-
teresting to mote that such modern techniques stem
from the work of 19th century mathematicians such as
Fourier, Laplace, Cauchy, and others.

In this paper we shall develop a methodology to study
nonlinear systems via transform methods. In particular
we shall use the Laplace Borsl transforms which are
discussed in [1,2,3].

The dynamic performance of any initially dead sys-
tem can be readily described by the frequency response
function,G(jw), thus:

. EA
G = — 1
(J"') 7 ( )
where ¥ denotes the Fourier transform. This notion is
closely related to the transfer function,G(s),where

o) = 5 @)

where £ denotes the Laplace transform. The frequeacy
response functioa and the transfer function are inter-
changeable by the substitution s = jw. Thus the
Fourier tranaform of the system output, Fy(jw) is given

by

%jv) = Gjw). K (sv) (3)
whers %(jw) is the input to the system expressed as
a function of frequeacy either by the Fourier series for
periodic functions or by the Fourier Integral for ape-
riodic functions. The Fourier transform enables a sys-
tem response ¢o tramsient excitations to be evaluated
in terms of steady-state responses to sinusocidal excita-
tions. Fourier methods have direct application to a few
problems which are less easily solved by the Laplace
transform, e.g.

¢ Random problems, i.e. noise and telecommunica-
tions, in which the input function can best be ex-
pressed as a frequency spectrum, i.e. a Fourier
integral; and
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o Transformaion of functions which are nos sero for
negative t and are therefore not Laplace trans-
formable. )

To find a Fourier pair from a Laplace pair

o If the Laplace transform, F(s), has poles on or to
the right of the imaginary axis there is o Fourier
transform, Le. F(s) = 1 or F(s) = ;3 have no
Fourier equivalent.

o Substitute jw for s in F(s) to give F(5w).

¢ Note that in using this method f(t) is sero for neg-
ative .

The Laplace-Borel transforms can be summarised as
operators which we can obtaia from the Laplace trans-
formations as follows

"F(’)Ia.s:‘ (4)

axcept that the algebra on the noncommutative variable
2o is richer. We have another type of product called
shuffie product (Le mélange) in addition to Cauchy
product. It is the shuffle product whick provides the
mechanism for us to take care of the nonlinear terms.
The shaffle product and some related properties are pre-
sented in [1]. The connection between the Laplace aad
Fourier transforms is analogous to the one ia between
the Laplace-Borel and Fouriar-Borel transforms. We
can generalise the Laplace-Borel transforms to Fourier-
Borel transforms in the same way that Fourier trans-
forms are generalised from Laplace transforms.

3 Transfer Functions for Non-
linear Systems

Consider the following class of nonlinear systems with
polynomial nonlinearity described by

Yaudsn+ =10

=l =1

We define the operator [[" as the shuffle product which
is defined by Unal in 1] repeated a times and the trans-
fer function is the transform of the response due to a
unit step functiom with sero initial conditions

4

(0, IT) = X(20) Iy (eymuer (e)

In the Laplace-Borel transform domain the following
nonlinear differential equation becomes

s rst) bt =10 )

From Unal [1) we have
LB[u(t)) = 1 (9)

with the sero initial conditions i.e. 5(0) == O the transfer
function for this nonlinear differential equation becomes

3-1 3-1
(s + ks + k2 [[)C(s0, ) =1 (10)

3-1
Gz, []) = mﬂ (1)

Theorem 1 (Main Theorem) The

Laplace-Borel transform of the response of the nonlin-
ear system econsidered s equal to the Cauchy product of
the transfer function|G(xo,][)] with the Laplace-Borel
transform of the function whick consists of the forcing
Junction and the initial conditions of the response énd
all of its Aigher order derivatives.

. =1 ’ ‘i-j-l
X(20} = G(3, H)-L'(I(')"'E q-‘-‘-;s(ﬂ) k-1 5()}
hmO

(12)
t=1 -
= G, [D)-L3U101+ T e S 5(0) Sy ute)) (19
k=m0

Proof:

Let us consider a mounlinear dynamical system de-
wribed by aa n'® order nonlinear differential equation
with m*» order polynomial nonlinearity as follows :

»n d‘ - ‘
2eiggslt) +hslt) + k() = 1()  (19)
° =3
We shall demonstrate the proof on the sample problem
and then consider the general form.
If the dynamical system has an evolution equation of
the first order with quadratic nealinearity i.e.

“f + kyx(t) + ka3?(t) = f(t) (18)

we want to express the Fourier(or Laplace)-Borel trans-
form of the system in terms of its transfer function and
the transform of the input function. To do this we shall
take the Laplace-Borel transform of the given equation
and hence we have

20X (20) ~ £(0) + k1 X (20} + ka X (20} ]| X (20) = F(20)

(16)
We defined the transfer function as the Laplace-Borel
transform of the output of the system for a wnit step
function input with sero initial conditions (assuming

%0 [ X(%0) — #(0)]+k1 X (s0) +k3 [X(.,) LT X(s0)] = £8{7(e)fhet the systam o initially dead).

(s

1(6) = u(t) (1)
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and
z(0) =0 (18)
hence
2-1
2X(20) + k1 X(20) + ko X(20) [ =1 (19)

or

SEFTr
=G(z,]]) (21)

Now we go back to the original equation and take the
Laplace-Borel transform of it as

20X (20) + ky X (20) + ks X (20) [[ X(20) = F(0) +2(0)
(22)

(o b+ 12 IT) Xtso) = [Flso) 4500 (29)

or in terms of the transfer function
X(20) = G20, [T} |F(20) + =£(0))] (24)

Notice that for the system of order one the memory
effect consists of only the value of the response at the
start.

We shall repeat this procedure for the more general
case of a dynamical system described by an n** order
nonlinear ordinary differential equation with m*™ order
nonlinearity in it :

ia.‘%z(t) + kya(t) + ik;:" =71 (25)
=] J=3

or in terms of the transfer function of the system we
have:

X(%0) = G0, I_Ij-l). [F(lo) + iau,';“ ;;—-_1'-:(0)]
=]

(2¢)
Notice that for s = 1 and = 2 and a; = 1 the preced-
ing general relation reduces to

X(s0) = [ao + ks + ka ]T] (Flso) + s(0)]  (27)
3-1
= Glao, [T} (F(2) + =(0)] (28)

Corollary 1 (Main Corollary) For ¢ memoryless
system the Laplace-Borel transform of the output of the
system i1 given by the Cauchy product of the transfer
function with the Laplace-Borsl transform of the mput
of the system.

Proof of Corollary : The memory effects are lumped
into the second term of the second factor of the Cauchy
product i.e.

Lad ie1 J-‘
3 et =0 (29)
-]
which means function itself and its higher order deriva-
tives evaluated at the sero time.
When the system has no memory we shall be left with

X(20) = G(z0, ]]) F(20) (30)

In other words we can say that the main theorem has
the same form as the linear systems if the monlinear
system has no memory.

4 fréchet Differential of the Re-
sponse

Generating power series or equivalently Laplace-Borel
transforms of the responses of nonlinear systems assume
the existence of analyticity throughout the regime.
However, we are fully aware of the fact that the loss
of analyticity is very important and as explained in 4]
is equivalent to the loss of Fréchet differentiability of the
response and hence to the bifurcations of the response.
Bifurcations in between regimes do take place at the
critical values of the system’s parameters and we can
account for them by monitoring the Fréchet differential
of the response. :

"To fix ideas, let us consider the nonlinear circuit prob-
lem :

%v+k,v+kgv’ = §(¢t) (31)

where i(t) represents the input current. Let us de-
note the Frichet differential of the response by § V| {v,n)
which is given by its definition as

éNlv,n] = lim (ﬂ"_”‘l"_"['l) (32)
or in Laplace-Borel transform domain,
§N|V,Q) = lim (.V_[ML"_VH) (33)
=0 ¢
where V, 1 are the Laplace-Borel transforms of v, re-

spectively. From the main theorem, we have

V(i = G(zo, ] T). [£8(:) + v(0)] (34)

Similarly, using the main theorem once more we can
write the output transformation for an input < +en as

VIi+en) = Glso, [T)- [£8(: + en) +v(0))  (35)
since L8 (s + ¢n) = LB (i) + ¢ LB(n) we have
SMV,0) = lim Clao, JDLB)  (39)
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If Q(20) = LB(n) then

NV, 0] = lim Glso, [[)0(x)  (37)

or if we take (¢} = u(t) i.e. wnit step function, then
f3(0) = 1 and the Fréchet differential becomes

§NV, 0] = G(x, [ (38)

§N[V,Q] = G(s0, []) (39)

which states that the Fréchet differential in Laplace-
Borel transform domain is given by the transfer fumc-
tion of the system.

It is quite straightforward to generalise the previous
result as

X(f) = Glao, TN | Flso) + 3 st 'd,_;=(°)]

f=]
(40)
and

X(f+en) = G20, 1) [F('o)+¢ﬂ(to)+2a.'5" e

tm]

(41)
and hence
§N|F, Q)] = G(s0, ] ])-(20) (42)
or with n{t) = u(t) i.e. unit step function
§XIF,0) = G(so,[]) (43)

Hence we have the following theorem

Theorem 1 (Fréchet Differential) The Fréchet dif-
Jerential of the response of & nonlinear dynamical sys-
tem with polynomial type of monlinearilics is given sn
terms of the aystem’s tranfer function and the variable
of the Laplace-Borel transform as :

§N[X] = G(2,]]). (44)

6 Concluding Remarks

We have demonstrated that the general response of non-
linear dynamical systems can be expressed in terms of
their transfer functions in an analogous way to the lin-
ear systems.

We defined the transfer functions as the generalised
series for the response of the nonlinear dynamical sys-
tem which is initially at rest and which is loaded by a
unit step function.

These transfer functions are obtainable through sym-
bolic computer algebra and currently we have one of the
following languages available to us: Macsyma , Reduce
, PL1.
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Analyticity of the response is assumed when the total
response is expreseed in terms of the traasfer functioas.

A1 a result of the last theorem on the Fréchet differ-
eatial the loss of analyticity implis the loss of Fréchet
differential [4], and the loss of Fréchet differential im-
plies the loss of transfer function ie. at Bifurcation
poiats we can not determine the transfer functions.
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