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Transfer Functions for Nonlinear Systeimns via Fourier-Borel
Transforms

Stimer Can*and Aynur Unal

Aeroflightdynamics Directorate
U.S. Army Aviation Research and Technology Activity
' Ames Research Center

ABSTRACT

n
b

An analytical functional can be expressed as a sum of some nonlinear functional expansions
which we shall call Fliess’s generalized expansions. These nonlinear functional expansions are anal-
ogous to Fourier series or integral expansions of response functions of linear systems. The shuffle
product which is the characteristic of the noncommutative algebra introduced plays a very signifi-
cant role in this approach. Moreover what makes this approach more attractive is the possibility of
doing all of the noncommutative algebra on a computer in any of the currently available symbolic
programming languages such as Macsyma, Reduce, PL1, and Lisp. .

Nonlinear functional expansions for the solution of nonlinear ordinary dxﬁ'erentxal equatlons
can he summarized by the newly introduced Laplace-Borel transforms. Some properties of these
transforms 2re obtained by the second author earlier. Some further properties will be given in this
paper for the iirst time.

The main theorem of the paper gives the transform of the response of the nonlinear system
as a Cauchy product of its transfer function which is introduced for the first time here and the
transform of the input function of the system together with memory effects.

Applications of this new transfer-function approach are given using nonlinear electronic circuits.
Two categories of applications are presented, namely,

o analysis of circuits
e synthesis of circuits.

We would like to remind the reader that various other examples can he given from other non-
linear dynamical systems; for example nonlinear aerodynamics, nonlinear flight mechanics in which
cases these two classes of problems can be called either direct problems or inverse problems.

INTRODUCTION

The solution of dvnamic problems by classical differential equation analyvsis is arduous. so that
various methods of transform calculus have been developed to ease the hurden and increase the
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understanding. It is interesting to note that such modern techniques stem from the work of
19th century mathematicians such as Fourier, Laplace, Cauchy, and others.

In this paper we shall develop a methodology to study nonlinear systems via transform nmethods.
In particular we shall use the Laplace Borel transforms which are discussed in references 1, 2, and
3.

The dynamic performance of any initially dead system can be readily described by the frequency
response function,G(jw), thus:

(1)

where F denotes the Fourier transform. This notion is closely related to the transfer function,G(s),where

Glju) =22

T

L,
G(s) = — 2
()= F (2)
where £ denotes the Laplace transform. The frequency response function and the transfer function
are interchangeable by the substitution s = jw. Thus the Fourier transform of the system output, ,
Fo(jw) is given by : <
Foljw) = G(jw).Fi(jw) - (3)

where F;(jw) is the input to the system expressed as a function of frequency either by the Fourier
series for periodic functions or by the Fourier Integral for aperiodic functions. The Fourier transform
enables a system response to transient excitations to be evaluated in terms of steady-state responses
to sinusoidal excitations. Fourier methods have direct application to a few problems which are less
easily solved by the Laplace transform:

1. Random problems (i.e., noise and telecommunications) in which the input function can best
be expressed as a frequency spectrum (i.e., a Fourier integral).

2. Transformation of functions which are nonzero for negative t and are, therefore, not Laplace
transformable.

To find a Fourier pair from a Laplace pair:

1. If the Laplace transform, F(s), has poles on or to the right of the imaginary axis there is no
Fourier transformy; i.e., F(s) = 1 or F(s) = ;1= have no Fourier equivalent.

2. Substitute jw for s in F(s) to give F(jw).
3. Note that in using this method f(t) is zero for negative t.

The Laplace-Borel transforms can be sumimarized as operators which we can obtain from the
Laplace transformations as follows: '

|SF()], oo (4)

except that the algebra on the nonconunutative variable ro is richer. We have another type of
product called shuffle product (Le mélange) in addition to Cauchy product. It is the shuftle
product which provides the mechanism for us to take care of the nonlinear terms. The shuffle
product and some related properties are presented in reference 1. The connection between the
Laplace and Fourier transforms is analogous to the one in hetween the Laplace-Borel and Fourier-
Borel transforms. We can generalize the Laplace-Borel transforms to Fourier-Borel transforms in
the same way that Fourier transforms are generalized from Laplace transforms.



LAPLACE-BOREL TRANSFORMS

We have introduced the following section to make the paper self-contained. For some basic
development we refer the reader to references 1 and 2.
For an analytical functional or function f(¢) we have the following expansion:

ft)= Y enty (5)
n>0 *

For this expansion, as shown by Fliess and later by Unal in references 1 and 2 there exists a
corresponding generating power series:

G=) auz} (6)

n2>0

in which zg is the noncommutative variable.. Then the Laplace-Borel transformation is defined as:

LB[f() =G (7)
G= Z anZg (8)
n>0

We shall give the following theorem as one of the basic theorems

Theorem 1 : For an analytic function f(t), there ezist a corresponding function F(zq) of non-
commutative variable ro defined by an integral transformation:

Flzo) = zglfow e=/%0 §(1)dt (9)

which is the explicit form of the Laplace-Borel transformation.

Proof: Let us consider an analytic function f(t)e~t/ instead of f(¢) and integrate from ¢ = 0 to
t = co. When we multiplied f(t) with e~*/%° which is a convergence factor we make f(t)e™!/%
absolutely integrable even if f(¢) is not. The integral I becomes

o0 t'l

1= [T % anse et (10)
0 2>0 n.
mtﬂ

= Zan/ —'c"/"’"°dt (11)
n>0 o n.

Next we shall use the chain rule with the usual chain rule notation:

tﬂ
dv _ C_r/rﬂdt (13)
Substitute these in J,
=
I= Za,,(uv beg —/ vdu) (14)
n>0 0



= a.z /OO ! e~t/To gt
"l (n-1)

If we continue the integration similarly, we obtain

I =2z Za,,zg

n>0

= zoLB[f(t)]
Therefore, we can write

LB[£(t)) = F(zo)
= /:o 257t f(1)dt

Next we shall give some examples to illustrate how this integral transform is obtained.

e Example 1:

Laplace-Borel transform of the unit step function is as follows :

Let the unit step function be denoted hy u(t) then

LBlu(t)] = /o " agtemmitat

-1
= -2 — 0
0 z 1

¢ Example 2:

Laplace-Borel transform of f(t) = tu(t) is as follows

F(z0) = LB[tu(t)]

g -1
=/ :5‘(’0 tdi
0

Integration hy parts with u = t and dv = e~ *dt
F(zo) = LB|tu(t)]

_.1',0

e Example 3:

Laplace-Borel transform of f(t) = t"u(t) is as follows

F(zo) =/0 2 gy

Applving the integration by parts again like in the previous example we have

F(xo) = LB[t"u(1))

= nlp"
= n.rg

(15)

(16)

(20)



e Example 4:

Laplace-Borel transform of f(t) = €°'u(t) is as follows

F(z0) = LBle " u(t)) (30)
/w :r.gle‘“‘e”o.)'dt (1)
)
= /w rgle(atzoltgy (32)
0
F(z0) = LBle™"u(t)) (33)
1
=7 v (34)

Transform Theorems

’ 0
Nonlinear differential equations in the time domain are transformed into nonlinear.algebraic
equations in the transform domain z¢-domain by Laplace-Borel transforms. To establish the rela-
tionships between the operations in the two domains, a series of theorems are developed and their
applications are illustrated with suitahle examples.

Theorem 2 (Linearity Theorem) : If

LB[fi(t)] = Fi(20) R (35)

and
LB[fx(t)] = Fa(z0) - (36)

then
LBlafi(t) + bf2(1)) = aFy(x0) + bFa(x0) (37)

where a and b are constants.

This relationship follows directly from the definition of the Laplace-Borel transform. Its principal
use is in the decomposition of time functions and transforms to simplify the transformations and
inversions. For example, suppose f(t) = sinwpt ;
ejwot _ C—jwo!
LB|sinwgt] = .CB[-T] (38)
From the earlier example we have

1 1

_ o _ 39
LB[sinwot] 1/2-’[1 — jwozre 1+ jugzg o
W
__wory (40)
1+ wixd

Theorem 3 : If a causal function f(t)u(t) is delayed along the t-aris by an amount tq its Laplace-
Baordl transform is given by the transform of the undelayed function multiplied by the erponential

-1
C—J‘O l(,.



The proof is as follows :

CB{f(t - to)u(t - to)] = / 23 f(t - to)ult — to)e™%0 tdt (41)
0
- /°° 251 f(t - to)e™%0 tdt (42)
(4]
where 1o > 0. Now, we can make a change of variable t — to = 7 and we obtain
LBIf(t - to)ult ~ to)] = [ 25" f(r)em=s "o mar (43)
1]
= / " f(r)e " Tdr (44)
(1]
= ™% 0 LB[f(7)] (45)
= e‘zg.‘toF(zo) (46)* ;

As an example of the use of the g shift theorem, we shall determine the Laplace-Borel transform
of a rectangular pulse function with a pulse width of T and amplitude of unity. Such a function is
expressed as

folt) = u(t) — u(t - 7) (47)

The Laplace-Borel transform of f,(t) is ’
LB fp(t)] = LB[u(t)] - LB[u(t — 7)) - (48)
=1-e%" (49)

The pulse function finds a variety of applications in formation of pulse type signals since a valid
time function description of any signal extending over the interval tg to to + T can be obtained by
multiplying the generating signal by f,(t — to). ’

Theorem 4 (Scale Change Theorem) : When the independent variable t ts multiplied by a
constant a (i.e. scaled by a) the corresponding transform is given by

LB[f(at)] = F(azo) (50)
The proof is as follows :
cBif(an) = [ 23 flan)e=i"tds (51)
0

Now we make a change of variahle namely, 7 = at and we obhtain

LB|f(at)] = / (azo)~1 f(r)e~e70) g7 (52)
0

= F(axo) (53)

We can make use of this theorem and the transforms derived for normalized time functions can he
modified to cover a wide range of related functions.



Theorem 5 (Differentiation Theorem) : Laplace-Borel transform of the time derivative of a

function f(1) is
LBld/dtf(t)] = 25" [F(zo) - £(0)]

where F(xo) is the Laplace-Borel transform of the function f(t).
Proof : We shall use the definition of the Laplace-Borel transform again
) d -
LB[d/dtf(t)] =/ z;lMc'%l‘dt
0 dt
Integration by parts gives (u = e~ tand v = f(t)):
CBld/arf(1)) = =" (e H ) 1§ + [ a? f(0)e7=E )
since f(t)e™o 't approaches to zero as t = oo. It follows that

LBld/atf(1)) = 25" [F(z0) - F(0)]

(54)

(56)

(57)

Hence we establish here that the differentiation in time domain corresponds to multiplication by
ry ! in the ro-transform domain after a constant which is equal to the value of the functionat ¢ =0

is subtracted. We demonstrate the application of this theorem as follows:
d .
LB|coswot] = £B[1/wqasmwot]

= 251/ woLB[sinwet — sin(0))

Zo
LB =25 ———
[coswpt] = z5? T wied
_ 1
T 14 wixd

(60)

(61)

As an extension of this theorem one can easily obtain the expression for the transformation of the

second time derivative as
d? -1 -1 !
ﬁB[dﬂ () =29 [To F(zo) - 24" f(0) - f(0)]
= 1'02F(1'0) ~ 2y 2f(0) - -rolf( )
Theorem 6 (Integration) : Laplace-Borel transform of the definite integral

CB /o Dy

15 equal 1o

= J‘oF(-I‘o)

-1



Proof :

t oo t -1, ’
LB[/O F(0)dA] -_—/o zo’[/o F(A)dA]em=e "tdt (66)

Integration by parts with u = [* f(A)d) and dv = e~ tdt
CB[/ F(A)dA] = ——-—c""o / SNDIF 4= /o z5te==a"tf(1)dt (67)

since € -=5 “ = 0fort = o0 and f; f(1)d) |;=0= 0 then

t -] -1
£B([ s = 2o [ zgle s pie)at (68)
t
B / F(A)dA] = 2o F(zo) (69)
0 .

which completes the proof.

Theorem 7 (Convolution) : Let fi(t), Fi(zo) and fo(t), Fo(zo) be two Laplace-Borel transform
pairs, then the Laplace-Borel transform of the convolution of the fi(t) and f(t) is given by

LBfi(t) » f2(t)] = zoFy(20) F2(z0) : (70)

Proof : Let us try to find the inverse transform of the product
o -1 _
20y (x0)F(z0) = 2oFy(xo)| [ 23 fo(t)e™ =" a] (1)

Changing the variable of integration and bringing Fy(zo) under the integral sign gives

.l'-oFl(:Co)Fz(aT‘-o) = Aw F](Z‘o)fg(A)e-zal'\dz\ (72)
Noticing that
Fi(zo)e™™ o = LB[fi(t - Nu(t - ))) (73)
we can write
20F1(20)Fa(20) = / [/ o At = Nu(t — Ne ";x'df]fz()\)d/\ (74)
= [T At Mutt - Mg (75)
0 0
Noting that X can not exceed t because of u(t — ), we can write
x t -
roFi(r0)Falro) = [ #57( [ At = NN et (76)
0 0
then we have .
#oF(z0)Fa(o) = LB [ ilt = N) 2NN (77)



or ‘using the shorthand notation for convolution,
LB[fi(t) * fo(t)] = zoF1(x0) Fa(z0) (78)
FOURIER-BOREL TRANSFORMS

An analytic function f(1) can be represented as a linear combination of a set of elementary time
functions called basis functions &,(t) as shown below:

f0) =Y anda(t) (79)

Let us define a hasis function ®,,(t) and its complex conjugate &;(t) as
8, (t) = jnfoe’t S (s0)
(1) = —jnfocTI (81)

where n = 0,F1,F2,...,F00 and 3 = %.’1 We can show that these functions are orthogonal so

that
1 14T

7 «1»,,(1)@;,@)&::)\” (82)

An = (nfo)? . (83)

This ensures the desired property for a set of basxs functions; namely, the ﬁnahtv of coefﬁcxents
which allows one to determine any given coefficient without the need for knowing any other coef-
ficient. To determine the coefficients a,, we multiply both sides of the equation defining f(t) b

®7,(7) and integrate over the specified interval. This gives

1 1 N
/1’ g (1) f()dt = /tt o &, (1)[3 anda(t))dt (84)

n=0

N 1
=2 /'+T (1)&ndt (85)

From orthogonality condition we have

1 0 +T

WA & (1) f(1)dt (86)

a, =

Substituting the last equation into the first equation gives

— /2 "130 - -

_ in3ot ni3ot -

fa) = ”;oojnﬂ e/ TYAE T/T/2 7 IS (1)t (87)
Jniot T2 1 ¢~ Bt

= Zmﬂoe 15/ R (UL (88)



Note that 3o = % is the lowest frequency component and also the spacing between the harmonics.
Now if we let T — 00, the spacing between harmonics will become a differential, that is 3 ——
d3. The number of components becomes infinite hence n —— o00. The angular frequency of any
particular component is given by nfp; and the summation formally passes into an integral. If we
rewrite the last equation as

oo .. dB o )
0= [~ g 32 [~ e snan (89)
or
f(t) = 51;/_00 ;lﬁejﬁl{jﬁ/_wc’jﬂ’f(t)dt}dﬁ (90)

It is clear that the inner integral is only a function of the angular frequency since the time is
integrated out. Now we shall call the inner integral Fourier-Borel transform of f(t¢) and we shall
denote it as follows:

FBIf(t)) = FUB) o0
FG=ip [ eMpwa (02)
Similarly we shall define the inverse Fourier-Borel transform as
FB~YF(jB)) = f(t) (93)
0= & [ oy rtsieas (94)

The functions f(t) and F(j3) are called the Fourier-Borel transform pairs. It should he noted that
if we choose the hasis functions and their complex conjugates as

#a(t) = (a + jnpo)e’™ (95)
23(t) = (a = jnfo)e™ (96)
In this case the Fourier-Borel transform pair becomes
FBIf(1)) = F(iB) | (97)
F(iB) = (a+8) [ f(n)ea (98)
FEUFGAN = o= [ (a+ 38) (e a3 (99)

Let us consider the Fourier-Borel transform of the function f(1)e~®' rather than the function
f(1). In this case the factor ¢ °' is a convergence factor that tends to make ¢! f(t) absolutely
integrable even if f(t) is not. The Fourier-Borel transform of f(t)e~° is :

FEI ) = [ o+ i) e (100)
= /°° (a+ jB)c T8N g (1)dt (101)
= F(a +jB) (102)

10



The corresponding inverse transform is

FBIF(a+if)) = 5 / " (@ +8) Fla + jA)e™d3 (103)

-0

the convergence factor can be taken to the right-hand side to give
1) = 5 [ (a+J8) Fla+ jp)elerirag o aw

Next we shall define a new variable zp = a + j3 then we have dz = jd3 if a is constant. The
inverse transform becomes

1= 5= [ % Flao)etdzo (105)

=57r—j_w

Important Properties of Fourier-Borel Transforms

We shall give the following most important properties of the Fourier-Borel transforms without
proving them, but interested reader can verify them by using the basic definitions given in this
text: :

2 2 2
[Fi(x0) + Fa(z0)] [ | = Fi(z0) [ [ +2[Fi(20) | | Fa(20)] + Fa(z0) ] | (106)
2 2
Fy(zo) [ | Fa(20) = 1/4{[Fi(20) + Fa(20)] [ | -[Fi(20) - Fa(20)]] [} (107)
o Fi(e0) L Faleo)) = Filao) L] 5= Fatea) + Fr(eo) ] SR) (106)
Fi(20) [ [[F2(20) + Fa(20)] = Fi(x0) | | Fa(0) + Fi(o) [ | F(xo) - (109)
alFi(z0) [ | Fa(20)) = aFi(z0) [ | Fa(20) (110)
= Fy(20)] [ aF2(20) (111)
Fi(R]]|F)# FA.R]]F (112)
La[F(2z0) | | Fa(z0)] = La[Fi(z0)] + Ln[Fs(z0)] (113)
Ln[F(;ro)]:I] = nLn[F(zy)) (114)
EX|[Fi(x0)] [ F2(20)) = EX[Fi(20) + Fa(0)] (115)
Ln{EX|F(x0))} = EX{Ln[F(z0)]} (116)
= F(x0) (117)
Another very useful result is as follows:
! I1 1 ! (11R)
(14 arg)3-" (1= axe) (1 - axe)” '

We shall prove this resnlt for n = 2 and then by the method of mathematical induction more
general case can be obtained. For n = 2 we have

1 1
_—_(l—a.ro)z :(l+a.r0)I_[(—————1 - (119)

11



Theorem 8 (Shifting) : The Fourier-Borel transform of a function is related to that of the func-
tion multiplied by an ezponential function e~#* as follows

FB[f(t)e 20+ B) (120)
- :oz:ﬂ]_jp(:o) (121)
Proof: -
FBIf(t)e=P] = / =o€~ f(t)e-Ptdt (122)
0
- ;°/°° (4B f(1)dy (123)
0
zo:+ B ow(ZO + ﬁ)e‘(:ﬁﬁnf(t)dt (124) |
" +ﬂ 20+ B) : (125) °
From Unal in reference 1 we also have
FBle P f(1)) = FBle ] | FB(£(1)] | (126)
= ;o;ﬂuF(:") (127)

which completes the proof.

Connection Between Fourier-Borel and Laplace-Borel Transforms

We have the following integral represe'nt.at.ion for the two-sided or bilateral Laplace-Borel trans-
forms

F(z0) =/ =o€~ f(t)dt (128)
-0
Let I represent the following integral
1=/ F(t)e~ =" dt (129)
0
/ Za,,—-e"”'di (130)
n>0 L
= Z a,,/ ——c""'dt (131)
n>0
Let -
u= = (132)
n.
e~ 'dt = dv (133)
I= "nlzgleT ol | ! '(" " et (134)
= ZG,,[fra.d nlzg lo +/ Z0 e

n>0

12



=Y e ~“/w -l e ot gt (135)
—nzo "l (n-1)
I::(I)Za,,:g" (136)
n>0
0= — (137)
Zo
Hence the integral I becomes
I= zoZanzS (138)
= 20 LB ()] (139)
LB[f(1)] = 20l (140)
CBIf(t)] = / ” 2of(t)e="tdt (141)
0 :
= F(zo) o (142)

where 2 = 25 ! in which Zo is the noncommutative variable.
TRANSFER FUNCTIONS FOR NONLINEAR SYSTEMS
Consider the following class of nonlinear systems with polynomial nonlinearity described by
n dl m . : '
izzla,-agz(r) +J};b,-z’(t) = f(1) - (143)

We define the operator [[” as the shuffle product which is defined by Unal in reference 1 repeated
n times and the transfer function is the transform of the response caused hy a unit step function
with zero initial conditions

G(z0.]]) = X(=0) [7(6)=u(t) (144)
In the Laplace-Borel transform domain the following nonlinear differential equation becomes
dz(t :
2 4 e () + kaa?(1) = (1) (145)
%0[X(20) = 2(0)] + k1 X (20) + k2 [X(20) [ | X (20)] = £LB{S(1)} (146)
From Unal (ref. 1) we have )
LBu(t)]) =1 (147)

with the zero initial conditions (i.e., 2(0) = 0) the transfer function for this nonlinear differentjal
equation hecomes

2-1 2~-1
(Go+ k4 ke [[)G(=0. []) =1 (148)
ur
2-1 1
Gz, [ ]) = (149)

204 ky + ko ]!

13



Theorem 9 (Main Theorem) : The Laplace-Borel transform of the response of the nonlincar
system considered is equal to the Cauchy product of the transfer function|G(zo,[])] with the Laplace-
Borcl transform of the function which consists of the forcing function and the initial conditions of
the response and all of its higher order derivatives.

'—k— .
X(z0) = G(z0 | [)-LB{f(t) + Za,dﬂz(ﬂ)dt‘_k -8(t)} (150)
d* di-k '
=Gz, 1]) CB{f(t) + Z a.dfkr(o)d,, zu(t)} (151)

Proof:
Let us consider a nonlinear dynamical system described by an n'* order nonlinear differential
equation with m?" order polynomial nonlinearity as follows :

ia;%z(t) + kyz(t) + i kaj(t) = f(t) (152) ’.
[} =2

We shall demonstrate the proof on the sample problem and then consider the general form.
If the dynamical system has an evolution equation of the first order with quadratic nonlinearity;
i.e.,

‘; + kyz(t) + kyz2(t) = f(t) (153)

we want to express the Fourier(or Laplace)-Borel transform of the system in terms of its transfer
function and the transform of the input function. To do this we shall take the Laplace-Borel
transform of the given equation, and hence, we have

20X (20) = 2(0) + k1 X (0) + k2 X (20) [ | X(20) = F(20) (154)

We defined the transfer function as the Laplace-Borel transform of the output of the system for a
unit step function input with zero initial conditions (assuming that the system is initially dead).

f(t) = u(t) (155)
and
2(0)=0 (156)
hence
2-1
20X (%0) + M1 X(20) + k2X(20) [ ] =1 (157)
or 1
Y(2)= —— 158)
Xlz) o+ b+ ko[ (
. = G(z0.]]) (159)

Now we go back to the original equation and take the Laplace-Borel transform of it as

20X (20) + k1X(20) + k2 X (20) [ [ X(20) = F(20) + 2(0) (160)

14



(20 + ks + k2 ] 1) X(20) = [F(z0) + 2(0)) (161)

or in terms of the transfer function
X (z0) = G(20,] [ [F(20) + 2(0)) (162)

Notice that for the system of order one the memory effect consists of only the value of the response
at the start.

 We shall repeat this procedure for the more general case of a dynamical system described by
an n'* order nonlinear ordinary differential equation with mt* order nonlinearity in it:

S alt) + kiz(t) + 3 k() = (1) (163)
i=1. ’ Jj=2
n n . -1 : m ' Jj-1
3 zheiX(z0) - Za,-,:;,"d — 2 20)+ D_kiX(20) [ = F(z0) ,:(164)
i=1 =1 : Y 3=2 o
or ’
n ] . om =1 &1 )
X (20) (Za;:",+kl + Zx‘ju) = [ -o)+Za,-' -1 T ——z( 0)] (165)
i=1 =2 /
or

1 n .. 4!
X(z20) = [F(zn)'f'zaiza-l-—ifl‘-(())] (166)
(Sry eizh + by + T ki117) &0 gt

or in terms of the transfer function of the system we have:

. -1 - i- d-? -
X(z0) = Gz ] 7). [F(:o) + Y ez ‘dz,._lzw)] (167)
i=1
Notice that for i = 1 and j = 2 and a; = 1 the preceding general relation reduces to
X(z0) = (04 k1 + k2 ] ]) [F(20) + 2(0)] (168)
2-1
= G(z0, | ]) [F(20) + 2(0)) (169)

Corollary 1 (Main Corollary) : For a memoryless system the Laplace-Borel transform of the
output of the system is given by the Cauchy product of the transfer function with the Laplace-Borel
transform of the input of the system.

Proof of Corollary: The memory effects are lumped into the second term of the second factor of
the Cauchy product; i.e.,

}: a;sh (170)
which means function itself and its hlgher order derivatives evaluated at the zero time.
When the system has no memory we shall be left with
X(20) = G(z0. ] [)F(20) (171)

-
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In other words we can say that the main theorem has the same form as the linear systems if the
nonlinear system has no memory.

APPLICATIONS

We shall give examples both from synthesis and analysis of nonlinear circuits as applications to
Fourier-Borel hased transfer function approach to nonlinear systems.

Representation of Nonlinear Resistance

v = R(i)i (172)
R(i) = Ro+ Ryi + R2i® + ... (173)
ne .
=Y R;i/ (174)
j=0
v= (Y R;if)i (175)
J=
= SR, (176)
Jj=0. :
By Laplace-Borel transformation
n J+1
V()= R;l(=0) ][] (177)
0

From the definition of system function

V(0) = Rlz0, L[ )-1(20) (178)
Rz [ =SR] (179)
j=0

and the admittance function follows

j+1 1
(= = = 180
G('O’I_I ) E.;:ORJU ( )

Representation of Nonlinear Capacitance

We shall define the impedance and admittance functions in Laplace-Borel domain as:

C(v) = i(fjvj (181)
j=0

16



Q =C(v)v (182)

=y ¢t (183)
j=0
i= %Q (184)
I(20) = 20Q(=0) (185)
I(z) = 302Cj1'(20)u(j+1) (186)
Jj=0 .
n (j+1)
Y(z)=2 G ][] (187)
Jj=0 :
Z(z0) = Y(z0)" ., (188)
1 (j+1) i
=261 (189)
20 |

Representation of Nonlinear Inductance

We shall define the impedance and admittance functions in the Laplace-Borel transform domain

as . n
L(i)= Y Li#(1) | (190)
J=0
&(t) = L(i)i (191)
St (192)
Jj=0
%% =1 (193)
= A pen (194)
dt 3

the derivative theorem applied once yields

v(20) = 20%(z0) (195-)
n J+1
=z Lil(z)]]. (196)
j=0

We can write using the operator symbolism whereby ] to any power indicates the shuffle product
which is discussed hy Unal in reference 1.

v(z) = Z(20)1(z0) (197)

17



n Jj+1

Z(z2)=20)_Li]] (198)
Jj=0

Y (20) = Z7(2) (199)

1 (200)

20 Tymo L1

A Nonlinear Circuit

Figure 1 shows the first nonlinear system which we shall characterize by the following nonlinear
ordinary first-order differential equation.

i(t) = ip+ic +irN (201)
=v/R + cd’;(") +ipN , (202)°
dv 1 2 .
T — 4 = = i(t 203
C= + 5t ke’ =i(1) (203)
fl—l-’ + kv 4 kpv? = i(t) (204)
dt
. 2-1
z0[V (20 — v(0)] + k1 V(z0) + k2V(z0) | | = 1(=0) (205)
which becomes -
20V (20) + k1V(20) + koV(20) L] = I(20) | (206)
The system’s transfer function is
(=0 ] = - (207)

TS

We notice that in this example the system’s transfer function is an impedance; i.e., G = Z.

18
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Figure 1.- A nonlinear circuit.



A Synthesis Problem

" Let us suppose that we are given an impedance function Z(zo) as

1
Z(2) = 208
)= e+ el {208)
Y(z0) = 57 (209)
ey
. 2-1
=20+ k + k2 I_I (210)
In figure 2 we shall denote the three parallel elements by
Y; =2 ’ (211)
Y=k {212)
2-1 o
Ys=k]] (213)
"1(20) = 20 (214)
= C = " (215)
Ya(z0) = ky (216)
1
= = — (217)
ky
2-1

Ya(zo) = ko [ | (218)



¢ -
+
VRN

R
c
= N

%l{:‘} T 1 farad » % R
o2
IRN = k2VRN

L 4 < -

Figure 2.- A synthesis problem.



= i = kyv? (219)

At this point we should look at figure 3 to see the equivalent circuit.

An Analysis Problem

Next we shall present an analysis example. Let us say that we are given an input current of

i(t) = u(t) (220)

i(t) = cos(wt) (221)

I(z0) =1 » (222)

V(z0) = 2() (223)
1

Z(20) =
(z0) z0+ k1 + k2 11271

This last fraction actually can be obtained using any of the following symbolic programming lan-
guages: 1) Macsyma; 2) Reduce; 3) PL1; and 4) Lisp.
In reference 2 this particular result tabulated, but we must change our variable

o =125t ‘ (225)

2-1 7

Vigg' + k) =1-kV]] (226)

V(1+ kyzo) = 2o — kyzoV | | | (227)

V = (14 kyzo) " a0 — k(1 + ky20)Y2o(V V). (228)

The inverse transformations can be obtained by partial fractions and the time domain response of
the system follows as

1 . k . .
(1) = E“ —ehty_ E%(l - 2kyte it —em2hty 4 (229)
"1

When the input current is given as
it) = cos(wt) (230)
similar steps will be followed and we have

2

-~ — :_0 2
I(%) T (231)
o= x5 ' (232)
V= (14 ko) (14 w?23) 2o = ka1 + kyzo) 2oV ] [ V) (233)

In tahle IV of reference 2, this generating power series is obtained using a symbolic program. Inverse
transformation hy partial fractions yields finally

1 .
s (= hae ™ 4 bcos(ut) + wsin(wt)] + .. (234)

) =
v(t) K7+

(224) |,



Figure 3.- An analysis problem.



Fréchet Differential of the Response

Generating power series or equivalently Laplace-Borel transforms of the responses of nonlinear
systems assume the existence of analyticity throughout the regime. However, we are fully aware of
the fact that the loss of analyticity is very important and as explained in reference 4 is equivalent to
the Joss of Fréchet differentiability of the response, and hence, to the bifurcations of the response.
Bifurcations in between regimes do take place at the critical values of the system’s parameters and
we can account for them by monitoring the Fréchet differential of the response.

To fix ideas, let us consider the nonlinear circuit problem :

%u + kv + kpv? = i(t) (235)

where i(t) represents the input current. Let us denote the Fréchet differential of the response by
6N [v,n] which is given by its definition as .

§NJv,q] = lim (M"’-—-}—’i‘]) ‘ S (236)
€e—0 € G
or in Laplace-Borel transform domain, _
NV,0] = lim (wﬂ) @

where 1/, Q2 are the Laplace-Borel transforms of v, 7, respectively. From the main theorem, we have
= G(z0, | |)- [£B(3) + (0)) (238)

Similarly, using the main theorem once more we can write the output transformatlon for an input
1+ €nas

V(i+ en) = G(z0,] ])- [CB(i + en) + v(0)] (239)
since LB (i + en) = LB (i) + € LB(n) we have
SNV,9] = lim G(z0,] [)CB(n) (240)
If Q(z0) = LB(n) then
N(V,Q) = (@gG(m,U)-ﬂ(m) (241)

or if we take (1) = u(f) (i.e., unit step function), then Q(zp) = 1 and the Fréchet differential
becomes
NV, Q) = G(zo, [ ) x1 (242)
or
NIV, 9] = G(=0,]]) (243)

which states that the Fréchet differential in Laplace-Borel transform domain is given by the transfer
function of the system.
It is quite straightforward to generalize the previous result as

£)=G(z0,1])- | F(z0) + Za. :(0) (244)



and

-1

X7+ en) = Glaar LI [Fleo) + ez0) + Y- oy S 2(0) (215)

i=1

and hence

SNTF.Q] = G(z0,] ]) x Rz0) (246)

or with (1) = u(t); i.e., unit step function
§NIF,Q] = G(z0,]]) (247)
Hence, we have the following theorem

Theorem 10 (Fréchet Differential) : The Fréchet differential of the response of a nonlinear
dynamical system with polynomial type of nonlinearities is given in lerms of the cy.stem s tranfer
function and the variable of the Laplace-Borel transform as :

6N(X) = G(=0,] ) S (2dg)

CONCLUDING REMARKS

We have demonstrated that the general response of nonlinear dynamical systems can be ex-
pressed in terms of their transfer functions in an analogous way to the linear systems.

We defined the transfer functions as the generalized series for the response of the nonlinear
dynamical system which is initially at rest and which is loaded by a unit step function.

These transfer functions are obtainable through symbolic computer algebra and currently we
have one of v:1e following languages available to us: 1) Macsyma, 2) Reduce, and 3) PL1.

Analyticity of the response is assumed when the total response is expressed in terms of the
transfer functjons.

As a result of the last theorem on the Fréchet differential the loss of analyticity implies the
loss of Fréchet differential (ref. 4), and the loss of Fréchet differential implies the loss of transfer
function (i.e., at Bifurcation points) we can not determine the transfer functions.
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